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INTRODUCTION 
In [2], M. C. R. Butler and C. M. Ringel introduced a class of algebras 
called string algebras as their formalism of the concept of special biseriar’ 
algebras. In their paper they use the methods of Gelfand and Ponomarev 
to describe the indecomposable representations of such algebras as being 
either so-called string nzodtdes or band modules, and proceed to describe the 
irreducible morphisms in the category of representations. 
The question naturally arises of describing all homomorphisms between 
representations. In this paper we give a rather nice basis for the space of 
homomorphisms between two string modules. In fact we work with more 
general algebras, zero-relation algebras, and with a class of modules, which 
we call “tree modules,” which coincides with the class of string modules in 
a string algebra. 
Whether or not there is a similar result for the band modules is uncer- 
tain. The covering theory, which makes the result so easy here, is less well 
developed. Indeed, in [3] the main object of study is mod A quotiented by 
the ideal generated by string modules, rather than the full subcategory of 
band modules. 
Our initial interest in this problem arose from the search for a useable 
concept of “standard” for algebras of infinite representation type. Having 
good coverings, the string algebras are obvious candidates for inclusion in 
this class. It is nice to see that they also have good bases for at least some 
of their horn spaces, which is after all the definition of a standard algebra 
of finite types 
1. ZERO-RELATION ALGEBRAS AND TREE MODULES 
Throughout, k will be a fixed field. We shall write our maps on either the 
left or the right, but compose them as if they were written on the right. 
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Let Q = (Q,, Q,) be a quiver: a locally finite oriented graph with vertices 
Q0 and arrows Qi . If a is an arrow in Q, we denote by s(a) (respectively 
e(u)) the start (respectively end) vertex of a. We denote by kQ the path 
algebra of Q, which has as basis the paths in Q, the formal products 
a, ... a,, of arrows with e( ui) = s(uj+ , ) for 1 < i < n. The integer n > 1 is 
called the length of the path. We also have paths of length zero, one for 
each vertex. 
By a zero-relation algebra (Q, P) we mean a locally bounded algebra of 
the form kQ/(P), where Q is a quiver and P is a set of paths of length at 
least two in kQ. (The quotient kQ/(P) is locally bounded if and only if for 
each vertex .X in Q there is some n > 0 such that (P) contains all paths of 
length exceeding n which start or stop at x [l, Sect. 2.11.) 
By the category mod(Q, P) of (Q, P)-modules we mean the category of 
finite-dimensional right kQ/(P)-modules. This category can alternatively be 
viewed as the category whose objects V are specified by giving linite-dimen- 
sional vector spaces V(x) for each vertex x in Q, with almost all V(X) = 0, 
and linear maps V(u): V(x) + V(y) for each arrow a: x + ~7 in Q, satisfying 
V(u,) ... V(u,) = 0 for each path a, . . . a,, in P; and whose morphisms 
f: V+ W are specified by giving linear maps f(x): V(x) -+ W(x) for each 
vertex x in Q, satisfying V(u) .f(v j =f(x) . w(u) for each arrow a: x --+ y. 
If S is a tree, a finite quiver whose underlying graph is simply connected, 
then we denote by Vs the kS-module which is one-dimensional at each 
vertex and in which the linear maps corresponding to each arrow are the 
identity. Now suppose that F is a quiver morphism from S to Q which 
satisfies 
(1) there are no subquivers of the form 
b 
. <n.-,. 
b or .L+.+. 
in S with F(u) = F(b), and 
(2) there is no path in S whose image under P is in P, 
then there is a push-down functor Fl from mod(kS) to mod(Q, P) defined 
by 
(FA V)(x)= 0 V(y), 
.b.EF’(X) 
for x either a vertex or an arrow in Q. The modules of the form FA V, we 
call tree modules. By [4, Sects. 3.5 and 4.11, tree modules are indecom- 
posable. 
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2. THE THEOREM 
THEOREM. Let (Q, P) be a zero-relation algebra, and let X= FA V, and 
Y= E, V, be tree modules. The space hom(X, Y) has as basis the set L of 
triples (S’, T’, u) satisfJ,ing the following conditions: 
(1) S’ and T’ are non-empty connected subquivers of S and T, respec- 
tively; 
(2) x is a quiver isomorphism S’ -+ T’ with 010 E = F, 
(3) if an arrow I in S ends at a vertex in S’ then x E S’. 
(4) if an arrow y in T starts at a vertex in T’ then y E T’. 
To describe the homomorphism corresponding to the triple (S’, T’, CX) we 
m4st spectfv a map 
f(x): @ k+ @ k 
.VEP’(XJ TEE-‘(r) 
for each vertex x in Q. This map should have component .f (x)),_ = 1 if y E S’ 
and L = a(y), and otherwise f (x),, = 0. 
The first step in the proof of the theorem is the proof for the case when 
(2 is simply connected as a graph. In this case the trees S and T can be 
regarded as suitable subquivers of Q with E and F acting as,inclusion, and 
we have the following elementary result. 
LEMMA. Let (Q, P) be a zero-relation algebra and suppose that Q is 
simply connected as a graph. Let ,4 and B be connected subquivers of Q 
which do not contain anJ7 path contained in P. Let Vv, denote the representa- 
tion of (Q, P) which is one-dimensional at each vertex in A, identity on the 
arrows in A, and zero elsewhere. Similarly for VB. 
The space of homomorphisms from V, to V, is either zero or one-dimen- 
sional, with the latter case occurring when I= A n B is non-empty and the 
following two conditions hold: 
(1) if an arrow a in A ends at a vertex in B then a E B, and 
(2) if an arrow b in B starts at a vertex in A then b E A. 
In this case a non-zero map f is given by f (x) = 1 for x E I,, and otherwise 
f(x) =o. 
Proof If the conditions hold, it is a simple matter to verify that the 
stated map is well-defined. Conversely, if we are given a non-zero map 
f: VA --f I’, then for all arrows 6: x +y in Q, V,(b) .f^ (y) =f(x) . V,(b). 
Since f is non-zero and Z is connected, f (x) is constant and non-zero over 
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x E 1,. Since also f must be zero off 1, the space of homomorphisms is one- 
dimensional. Now suppose that a: s + e is an arrow in A and e E B. We 
have V,(a) .f(e) =f(~) . VB(a), and the left hand side is non-zero, which 
forces V,(a) # 0, so that aE B, confirming (1). Part (2) is dual to (1). 
Proof of the Theorem. We may assume that Q is connected. Let 
C: (Q, p) + (Q, P) be the universal covering of (Q, P); see, for example, 
[S, 41. Since P consists of zero-relations, Q is simply connected as a graph. 
This is a Galois covering [4], with Galois group G = n,(Q). Let CA be the 
push-down functor associated with C; see [l, Sect. 3.21. 
Clearly we may assume that S and Tare subquivers of Q and that F and 
E are the appropriate restrictions of C. By the argument of [4, Theorem 
3.6(c)l, 
so by the lemma it suffices to find a bijection between the set L of triples 
(S’, T’, ~1) given in the theorem and the set M of g E G with Sg n T non- 
empty and which satisfy: 
(1) if an arrow x in Sg ends at a vertex in T then x E T, and 
(2) if an arrow y in T starts at a vertex in Sg then y E Sg. 
Let (S’, T’, a) be in L. Now CI extends uniquely to an isomorphism 
g=gX:Q+Q, which can be regarded as an element of G F xi(Q). We 
show that S n Tg-’ = S’. For this, observe that we obviously have the inclu- 
sion of the right hand side in the left hand side, that s’ is non-empty, and 
that S n Tg -’ is connected. It is thus sufficient to show that if an arrow x 
in Sn Tg-’ starts or ends at a vertex in S’, then XE S’. Now if x ends at 
a vertex in S’, then x ES’ by part (3) in the theorem; while if x starts at 
a vertex in S’, then xg starts at a vertex in T’, so by part (4) in the theorem 
xg ends at a vertex in T’ and x ends at a vertex in s’, as required. 
It follows that g E M. For example, we verify (1). If x is an arrow in Sg 
ending at a vertex in T then xg-’ ends at a vertex in S n Tg-’ = s’, so xg-’ 
is in S by part (3 ) in the theorem, and hence x E T. 
We may now define 4: L + A4 by 4(S’, T’, a) = g,. Clearly 4 has an 
inverse given by the map 19: M -+ L, taking g to (S n Tg-‘, Sg n T, g). 
MAPS BETWEEN REPRESENTATIONS 263 
3. AN EXAMPLE 
Computing the set L of the theorem is completely trivial in real cases. As 
an example let (Q, P) be the string algebra with one vertex and two loops, 
x and JJ, and relations XJ’ = yx = x3 = y3 = 0; let S be the quiver 
and let T be the quiver 
where the letters a to FZ are names for the vertices in S and T, and we have 
labelled the arrows with their images under F and E, respectively. By con- 
sidering the possible tips of S’ and T’, we readily see that the elements in 
L can be described as 
aah, aak, aan, abm, deh, 
dgk, eeh, eek, een, efwl, 
where the notation pqr means that S’ is the subquiver of S stretching from 
p to q (q may be to the left of p), T’ is the subquiver of T with the same 
number of vertices as S’, stretching to the right from the vertex r, and CI is 
the isomorphism sending p to Y. 
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